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It has been proposed reently to observe the hange in osmologial redshift of distant galaxies
or quasars with the next generation of large telesope and ultra-stable spetrographs (the so-alled
Sandage-Loeb test). Here we investigate the possibility of observing the hange in peuliar veloity in
nearby lusters and galaxies. This peuliar aeleration ould help reonstruting the gravitational
potential without assuming virialization. We show that the expeted eet is of the same order of
magnitude of the osmologial veloity shift. Finally, we disuss how to onvert the theoretial
preditions into quantities diretly related to observations.
I. INTRODUCTION
One of the most outstanding issues in astrophysis and osmology is the measurement of the total mass of lustered
strutures. The problem beame espeially ruial after it was realized that most matter in the universe is not diretly
visible through astronomial observations. Sine diret investigation is impossible, a number of indiret tehniques
for mass determination have been developed over the years. The most frequently used methods rely on kinemati
measurements, where the veloity dispersion of some suitable lass of test partiles is used to infer the virial mass
of the objet under investigation. This lass of methods were suessfully applied, for example, to the rotation urves
of spiral galaxies (whih led to the rst evidene of the existene of large amounts of dark matter) and to the veloity
dispersion of elliptial galaxies. The largest lustered strutures in the universe where the virial theorem is still
appliable are the lusters of galaxies. The measurement of the veloity of galaxies in lusters led to further evidene
in favour of dark matter, and so it did the observation of bremsstrahlung x-ray emission from free eletrons of the
intraluster gas.
Until now, dynamial methods (i.e. measurements of aeleration) have not been applied to the measurement of
mass, essentially beause of the extraordinary diulties in deteting tiny veloity variations for astrophysial objets
expeted over time sales muh smaller than the osmi time. However, in the near future we will reah a level of
tehnologial development that might allow the observation of the dynamial eet of mass. In fat, measuring tiny
drifts of the order of 1 m/se in the spetra of astrophysial objets over time sales of a few deades will be within
reah of high-resolution, ultra-stable spetrographs, oupled to extremely large telesopes (with apertures of 40-60
m) urrently under planning [1℄. Possible appliations of this kind of measurements have been proposed, for example,
to detet extra-solar planets [2℄, or for osmologial appliations [3, 4℄, as a way to detet variations in the Hubble
rate of expansion of the universe, thus investigating suh issues as dark energy or the variation of physial onstants
[5, 6, 7℄.
In this paper, we explore the possibility of using the time variation of the peuliar veloity of astrophysial objets
(an eet that we refer to as peuliar aeleration [4℄) as a way to dynamially determine the mass prole of lustered
strutures. This method does not assume virialization, although for simpliity here we assume a spherially symmetri
gravitational potential. We nd numerial estimates of the eet expeted for some typial objets, under idealized
onditions, and show that the predited signal is of the same order of magnitude of the osmologial one. The
determination of the peuliar aeleration is interesting also beause it will at as a systemati noise soure in the
observation of the osmologial veloity shift. Sine the detailed speis for future experiments are still largely to be
nalized, we leave a detailed omparison of the theoretial preditions with the observational settings to future work.
II. PECULIAR ACCELERATION
The peuliar aeleration of a partile at the spherial-oordinate position (r, α, γ) in a system entered on a luster
is
~a = ~∇Φ = Φ,r rˆ +
1
r sinγ
Φ,ααˆ+
1
r
Φ,γ γˆ (1)
2where the tilded quantities are unit versors and Φ is the gravitational potential. We will always assume that Earth's
loal aeleration has been properly subtrated. The aeleration along the line of sight versor sˆ is then
as = sˆ · ~∇Φ, (2)
Let us assume now spherial simmetry for the potential, namely Φ = Φ(r). Therefore the line of sight aeleration is
as follows:
as = cos θ
′Φ,r, (3)
where θ′ is as in Fig. 1. In the same gure we dene Rc as the luster distane from observer, r as the partile distane
from luster's enter and θ the viewing angle.
For small viewing angles θ (i.e. for r ≪ Rc) we have that the peuliar aeleration along the line of sight is
as = cos θ
′Φ,r ≈ sinβΦ,r|r=Rcθ/ cosβ (4)
and assuming spherial symmetry we obtain
as ≈ sinβ
GM(r)
r2
, (5)
where r ≡ Rcθ/ cosβ. Finally, assuming a density prole ρ(r), we an write as in terms of the viewing angle θ,Rc, β
and the density prole parameters.
Let us assume now for deniteness a Navarro-Frenk-White prole (NFW) [8, 9℄ for the dark matter halo responsible
for the luster gravitational potential
ρ(r) =
δcρcr
r
rs
(1 + rrs )
2
, (6)
where rs = rv/c sets the transition sale from r
−3
to r−1, c is a dimensionless parameter alled the onentration
parameter, ρcr = 3H
2
0/8πG is the ritial density at the redshift of the halo (H0 being the Hubble onstant), rv is the
virial radius inside whih the mass density equals ∆cρcr and δc is the harateristi overdensity for the halo given by
δc =
C∆cc
3
3
, (7)
where
C = [log(1 + c)−
c
1 + c
]−1.
In addition, ∆c is the nonlinear density ontrast for a virialized objet and enters the expression for the mass
Mv = 4/3πr
3
v∆cρcr. Its value depends on the osmologial model and assuming a ΛCDM we an set ∆c = 102 [10℄.
Then the mass assoiated with the radius r is
M(r) = MvC
(
log (1 +
r
rs
)−
r
rs
1 + rrs
)
(8)
and onsequently
Φ(r),r =
GMv
r2s
C
( log (1 + rrs )
( rrs )
2
−
1
r
rs
(1 + rrs )
)
. (9)
Considering a time interval ∆T the veloity shift of the partile test due to the peuliar aeleration along the line of
sight is s ≡ ∆v = as∆T and turns out to be
s =
GMv
r2s
C∆T sinβ
( log (1 + rrs )
( rrs )
2
−
1
r
rs
(1 + rrs )
)
. (10)
Finally we obtain the veloity shift s(β)
s = 0.44
m
se
sinβ
∆T
10yr
Mv
1014M⊙
(
rs
1Mp
)2C
( log (1 + rrs )
( rrs )
2
−
1
r
rs
(1 + rrs )
)
(11)
3with r = Rcθ/ cosβ. For a typial luster value of C ≈ 1, it turns out therefore that the typial shift for a galaxy
luster is of the order of 1 m/se , similar to the osmologial value at z ≈ 1 [6℄ . The maximal value (β → π/2,
r → 0) is :
s0 = 0.44
m
se
∆T
10y
Mv
1014M⊙
(
rs
1Mp
)2
C
2
. (12)
In the following we estimate the strength of this veloity shift eet for dierent lustered objets, i.e. at dierent
distanes and sale. We will always assume ∆T = 10yr and let β vary in (0, π/2). For β ∈ (−π/2, 0) the eet is
learly opposite in sign.
Figure 1: Denition of geometri quantities.
A. Virgo luster
The Virgo luster is the nearest luster of galaxies. It is also the most remote osmi objet with a physial
onnetion to our own small group of galaxies, the Loal Group. Its distane is about 15Mp [11℄, orresponding
to a redshift of 0.003 (assuming that H0 = 72km/s/Mp): this ensures that the osmologial veloity shift signal
does not ome into onit with the one due to peuliar aeleration (the osmologial veloity shift being of the
order of 10−2m/se at this redshift). The virial radius is taken to be rv = 2.2Mp orresponding to a virial mass
of 1.2 × 1015M⊙; the onentration parameter is c = 4, leading to rs = 0.55 Mp. In Fig. 2 the veloity shift as a
funtion of β is shown for this luster. In partiular the urve is plotted for four dierent values of the viewing angle
θ.
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Figure 2: Preditions for ∆v in m/se for Virgo (Rc = 15Mp, rv = 2.2Mp , c = 4) for four values of θ up to θmax = 0.15
equally spaed, starting from θmin = θmax/4 (top to bottom). This value of θmin orresponds to a radius of 0.55Mp.
B. Coma luster
Coma is the most studied and best known luster of galaxies, having three very appealing properties [11, 12℄: it is
almost perfetly spherially symmetri, very rih (Mv = 1.2×10
15M⊙), and lose to our Loal Group (Rc = 100Mp,
z = 0.02 ; the osmologial veloity shift is of the order of 10−1m/se at this redshift). Assuming, as above, a NFW
density distribution, the other parameters are: rv = 2.7 Mp, c = 9.4 and rs = 0.29 Mp [12℄. The veloity shift
predited for Coma is shown in Fig. 3.
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Figure 3: Preditions for ∆v in m/se for Coma (Rc = 100Mp, rv = 2.7Mp , c = 9.4) for four values of θ up to θmax = 0.027
equally spaed, starting from θmin = θmax/4 (top to bottom). This value of θmin orresponds to a radius of 0.675Mp.
C. Andromeda
It may be interesting to apply this method on a typial galaxy sale. We hose to investigate as a representative
ase the Andromeda galaxy, loated nearly at the enter of our Loal Group, at a distane of 0.8 Mp from us. In
order to t the NFW prole to a galaxy, its parameters must be hosen in a way that does not diretly reet the
immediate physial meaning. For Andromeda, we hose Rs = 16kp, rv = 200 kp, and c = 12.5 ([13℄). Its mass is
estimated to be roughly M = 1012M⊙. Obviously in this ase the test partiles will be represented by stars or gas
louds, rather than galaxies.
50 0.25 0.5 0.75 1 1.25 1.5
Β
0.2
0.4
0.6
0.8
1
D
v
Hc
m
s
L
Andromeda
Figure 4: Preditions for ∆v in m/se for Andromeda (Rc = 0.8Mp, rv = 200kp , c = 12.5) for four values of θ up to
θmax = 0.25 equally spaed, starting from θmin = θmax/4 (top to bottom). This value of θmin orresponds to a radius of
7.5kp. The signal inreases for smaller radius.
III. OBSERVING THE PECULIAR ACCELERATION
Sine observations are performed along the line of sight, it is pratially impossible to obtain information on the
galaxy position within the luster, i.e. on the β angle. It is then useful to identify some observable quantities that
an be diretly ompared to theoretial preditions. We propose two suh quantities in the following subsetions.
A. Maximum veloity shift
The predited veloity shift reahes a maximum value along the line sight, ∆vmax, that depends on the halo prole.
By estimating ∆vmax from a sample of galaxies along eah line of sight, one an therefore onstrain the luster
gravitational potential. Fig. 5 shows the behaviour of ∆vmax as a funtion of θ for Virgo, Coma and Andromeda. We
note that eah urve an be atually observed only for angles up to θmax. We also plot in Fig. 6 and Fig. 7 the same
quantity ∆vmax as a funtion of mass for a luster and a galaxy, respetively. Clearly the signal is independent of the
objet distane for a maximal viewing angle θmax ∼ 1/Rc.
In Fig. 8 and Fig. 9 we plot ontour urves orresponding to the same ∆vmax for θ = θmax/4 and dierent
ombinations of the onentration parameter c and mass. In priniple, knowing the mass of the objet from other
observations, a measurement of the veloity shift an give indiations on the onentration parameter. In partiular,
reently several authors have derived tting formulae for the onentration parameter as a funtion of mass from
N -body simulations ([14, 15, 16℄). We show a urve from one of these formulae in Fig. 8. Then, for lusters, a
measurement of ∆vmax at dierent mass sales would provide a test of the onentration parameter tting formula.
Clearly, instead of the maximum one ould use the variane of the peuliar aeleration or another non-vanishing
average. In the next subsetion we use instead the full distribution to relate the theoretial predition to observable
quantities.
B. Density distribution of galaxies
Knowing the radial distribution of galaxies ρg(r) (i.e. deriving it from the projeted number density) one an
ompare the observed distribution N(∆s) (number of galaxies in the veloity shift bin ∆s) with the predition.
The expeted number of galaxies in an annulus ∆θ and thikness ∆(Rcθ tanβ) = Rcθ(1/ cos
2 β)∆β around the
60.025 0.05 0.075 0.1 0.125 0.15
Θ
1
2
3
4
5
6
7
8
D
v
m
ax
Hc
m
s
L
Figure 5: The maximum of the veloity shift due to peuliar aeleration as a funtion of the viewing angle θ for Virgo (straight
line), Coma (short-dashed line) and Andromeda (long-dashed line). The round points mark the value of θmax lying on the
orrespondent urves.
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Figure 6: The veloity shift signal as a funtion of mass for a Coma-like luster, loated at the same distane as Coma, for
three dierent values of θ separated by θmax/3, starting from θmax/3 (top to bottom).
luster enter is
n(Rc, θ, s)∆θ∆s = 2πρg
(
Rcθ
cosβ
)
R3cθ
2
cos2 β
∆θ∆β (13)
and therefore we expet in the interval ∆s a number of galaxies proportional to
n(Rc, θ, s)∆θ∆s = 2πρg
(
Rcθ
cosβ
)
R3cθ
2
cos2 β
∆θ
∆s
(ds/dβ)
(14)
where β = β(s) an be obtained by inverting (11). The histogram N(Rc, θ, s) = n∆s is therefore given by
N(Rc, θ, s) = 2πρg
(
Rcθ
cosβ(s)
)
R3cθ
2
cos2 β(s)
dβ
ds
∆s (15)
Now Eq. (15) ontains only observable quantities. In priniple, onfronting this expeted number N with the
observed numbers one an reonstrut ρ(r). An example of N(s) is given in Fig. (11).
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Figure 7: The veloity shift signal as a funtion of mass for an Andromeda-like galaxy, loated at the same distane as
Andromeda, for three dierent values of θ separated by θmax/3, starting from θmax/3 (top to bottom).
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Figure 8: Contour plot for the veloity shift of a luster at θmax/4 as a funtion of the onentration c and the mass M .
Higher values orrespond to darker regions and the ontours levels are (left to right) ∆v = (0.1, 0.5, 2, 4, 6, 8, 10, 15)m/s. The
short-dashed line is the tting formula by [14℄.
C. Comparing with the osmologial signal
As already mentioned in the previous setion, the osmologial signal is ompetitive with the veloity shift due to
the peuliar aeleration. In Fig. 10 the osmologial signal for a ΛCDM model with ΩΛ = 0.7 is plotted together with
the maximum of the veloity shift of a luster; the redshift of their "equivalene" is very small (z ≃ 0.02) depending
on the mass of the luster. In addition, there is a seond redshift, around z ≃ 2, at whih the osmologial signal is
negligible. However observations at suh a distane ould not be reliable, not only beause of the diulty of preise
measurements at this redshift, but also beause the zero-rossing of the funtion is osmology-dependent. In priniple
of ourse the osmologial signal ould also be subtrated from the peuliar one after averaging over a onsistent
number of galaxies.
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Figure 9: Contour plot for the veloity shift of a galaxy at θmax/4 as a funtion of the onentration c and the mass M . Higher
values orrespond to darker regions and the ontours levels are (left to right) ∆v = (0.1, 0.5, 2, 4, 6, 8, 10, 15)m/s.
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Figure 10: The osmologial veloity shift as a funtion of redshift for a ΛCDM model (solid line) and the maximum of the
veloity shift due to the peuliar aeleration for θ = θmax/4 and three dierent value of the mass of a rih luster: M = 10
14M⊙
(short-dashed line), M = 5 · 1014M⊙ (long-dashed line), M = 10
15M⊙ (long-short-dashed line).
IV. CONCLUSIONS
In this paper, we performed a rst exploration of the magnitude of peuliar aeleration expeted in lustered
strutures in the universe, over time sales of one or a few deades. Our study was motivated by the interesting
prospets of observing veloity shifts of osmi objets of order of a few m/se in a deade oered by forthoming
extremely large telesopes oupled to high-resolution ultra-stable spetrographs. Peuliar aeleration would be an
interesting target for suh future measurements, sine, as we have shown, ould give an independent measurement of
the mass prole of lusters of galaxies, and possibly even of individual galaxies. We have also shown that measurements
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Figure 11: Frequeny histogram N(s) (expeted frequeny of galaxies in veloity shift bins) for Coma at θ = θmax/4 . Here we
assumed that the radial distribution of galaxies is proportional to the halo prole.
of the veloity shift for dierent mass sales ould test the relation between the onentration parameter of lusters
and the virial mass.
Our results show that the expeted signals for the objets we onsidered (the Coma and Virgo lusters, and the
Andromeda galaxy) are omparable to the osmologial hange in redshift, due to the expansion dynamis, expeted
for distant QSO's [1℄. Due to the high stability of Ly-α lines in QSO's, it has been reently argued that the osmologial
eet ould be observed in a time sale of about three deades [5, 6℄, giving important information on the omposition
of the universe, and in partiular on the mysterious dark energy whih drives its urrent aelerated expansion. It
seems plausible that an eet of similar order of magnitude, predited by our study, ould then be also observable,
although the objets used as test partiles are dierent in nature. Our study is also useful to the extent of assessing
the peuliar aeleration as a soure of errors in the measurement of the osmologial veloity shift [4℄.
Of ourse, we realize that the experimental and observational details of future instruments are still too blurry to
make any lear statement on the atual feasibility of using peuliar aeleration as an astrophysial and osmologial
tool. Many issues are still to be disussed before foreasting the results of atual observations, from the stability of
the galati spetra to the eet of loal deviations from spherial symmetry. However, we believe it is exiting to
entertain the possibility that peuliar aeleration might atually be observable in the not too distant future, and
hope that more detailed investigations of its appliability in astrophysis might be stimulated by our study.
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